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R. E. Moore (31 has introduced the centered form of a rational function f for 
obtaining good and easily computable approximations which include the exact 
range off over an interval A’. Moore’s definition is implicit, while explicit formulas 
for the centered form are given in [8] and 191. In 191, centered forms of higher 
order for functions of one variable are developed which lead to better estimations 
than the centered forms defined originally. In this paper, centered forms of higher 
order for rational functions in several variables are explicitly defined. They also 
give better approximations than the centered forms defined originally. 
1. INTRODLJ~TION 
Let f be a rational function of m real variables x = (x, ,..., x,) and 
x=x, x -a* X X,,, any right parallelepiped lying in the domain off, where 
xi (i = l,..., m) denote real compact intervals. The range 
f(X) = {f(x): x E X) 
or at least one of its endpoints is of importance in numerous considerations; 
cf. Ortega and Rheinboldt [7]. In general,f(X) is not computable exactly in 
a finite number of steps, cf. Nickel [6], and therefore there is a search for 
methods to approximateT(X) from without, that is, to compute a sufficiently 
small interval Z 1 j’(X). 
Interval analysis gives some effective methods for handling such questions; 
cf. Moore [3,4, 51. One of these methods is the centered form, introduced by 
Moore [3], which has turned out to be an important tool of interval analysis. 
Operations for real compact intervals A and B are defined by A * B = 
(a * b: a E A, b E B}, where * represents addition, subtraction, mutiplication, 
and division, if 0 C$ B. We write a * B for {a) * B, etc. Details can be found 
in [3,4]. 
L.et f(x) be any real rational expression in the variables X, ,..., x,. (That 
means that f(x) is an arithmetically meaningful string of symbols which can 
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be real numbers, the variables, the arithmetical operations, and brackets.) 
Clearly, f(x) defines a rational function which is also denoted by f(x) or f: 
By f(X) we mean the expression which is obtained from f(x) by replacing 
each occurrence of x by X if X is an m-dimensional right parallelepiped. 
Then f(X) is called the interval extension of f(x) on X. (The name interval 
extension is usual because a’ parallelepiped is an interval of higher 
dimension.) We also denote by f(X) the interval which is obtained as the 
value of the calculation implied by the expression f(X) if no forbidden 
division occurs. The intervalf(X) is also called the interval extension offon 
X. 
The interaction between real and interval arithmetic is based on two facts 
(Moore [3,4]): 
1. For every rational expression f(x) the inclusion 
f(X) c f(X) (1) 
holds. This follows from the propertyf(x) Ef(X) being valid for all x E X. 
2. Different rational expressions, both defining the same function, may 
have interval extensions with different values. 
These two facts offer the following approach for attaining outer approx- 
imations of J’(X): From all rational expressions defining the function f one 
tries to choose an expression the interval extension of which is of sufficiently 
small width where the width of an interval is denoted by ~([a, b]) = b - a. 
In Section 2 we will propose explicit rational expressions FL(x) defining 
the function f and we will call their interval extension FJX) the centered 
form of kth order. In Section 3 we will prove that the centered form of kth 
order is better than that of (k - 1)th order. The special case m = 1 (only one 
variable) can be found in [9] or in a sketched version in [8]. 
2. CENTERED FORMS OF kth ORDER 
Let f =p/q be any rational function in the variables x = (x, ,..., x,J and, 
accordingly, p and q polynomials. Let n be the maximum of the degrees of p 
and q. Let X, ,..., X, be compact intervals such that the parallelepiped 
x=x, x *** x X, is contained in the domain ofJ: 
For each positive integer k we will propose a rational expression F&Y) 
which defines the functionf, this means 
f(x) = Fk(X) for all x E X, 
The interval extension FJX) is then called the centered form of kth order. 
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In order to avoid involved formulas we make use of multiindices. These 
are vectors A, p, ,D E N”, where N = (0, 1, 2 ,... }. Let A= (A, ,..., A,), etc.; 
0 = (O,..., 0); R be the set of real numbers; Z(R) be the set of real compact 
intervals; and g be any real function in x. Then the following abbreviations 
are common: 
IAl =A, + *** +A,. A! =A,! *.a /I,!, 
A.‘=Af’A$ . . . AAm m forAERmorAEZ(R)morA=x, 
where Ai are the components of A, and, in case of intervals, 
A;11 =A, . . . . . A, (A, times), etc., 
1 <p means di,<pi for i = I,..., m, 
k 
K‘ 
I .LC 0 
b,l for k E N, resp. ? b,, etc., denotes the sum over all b, 
.t=o 
with ]A] = 0, l,..., k, resp. with o < 1 <p, etc. 
We need some further abbreviations. Let ci be the midpoint of the interval 
Xi and c= (c , ,..., c,). If Xi = [ci - zi, ci + zi] for some nonnegative real zir 
then Hi = Xi - ci = [-zi, zi] is symmetric, a fact that is improtant in 
calculations. 
For II E N” and any positive integer k Q I,lI we define 
D’f(c) D*‘-“q(c) (2) 
(or equivalently, tik’ = Cl.“’ = p, ,,,,,(:) Dpf(c) DA-Oq(c)). The equivalent 
formula arises directly if D&(c) is substituted by D”[f(c) q(c)]: 
DPf(c) D’-pq(c). (3) 
Equation (3) is nothing but the product rule for higher partial derivatives. 
DEFINITION. Let k be a positive integer. Then the interval 
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with H = X - c, is called the centered form of kth order of the function f on 
X if 0 does not lie in the denominator. 
In order to show that F&Y) is an outer approximation of the exact range 
T(X) we first notice that F&Y) is the interval extension of the rational 
expression 
k-l 
F&y) =f(c) + “ Dtf(c) 1, 
,.iCl 
and we therefore only have to prove that Fk and f are identical. 
LEMMA 1. The functions f and F, are identical. 
Proof Shortly, we write h instead of x - c, and define 
L(h) = ;’ D-‘q(c) h-‘/l!, 
Go 
&f(h)= ;” 
I .LI= I
[D-‘p(c) -f (c, D-‘q(c)] h~‘/A! . 
L(h) is the Taylor expansion of q at the point c. We now apply the Taylor 
formula of order k to f and denote the remainder by g(h): 
k-l 
f (c + h) -f(c) = \‘ 
l.ii I 
D’f (c) h.4/A! + g(h). (5) 
In order to get the exact value of g(h) we calculate f (c + h) -f(c) in a 
second way, by writing the terms p(c + h) and q(c + h) as Taylor 
expansions: 
f(c + h)-f(c)= 
P(C + h) -f(c) dc + h) M(h) 
dc + h) =L(h). 
By identifying (5) and (6) we get an explicit formula for g(h), namely, the 
quotient of the two sums in (4): 
M(h) k-l g(h) = - - 
L(h) 
\’ D,tf(c) h-‘/A! 
I .ty L 
k-l n hU+.i 7 
D”f (c) D’%(c) T 
. . I 
A 
0 l.LTI IDI =L.Pa P 
Dpf(c) D.‘ppq(c) h-‘/A! 
k--ltn k-l 
- \’ \‘ 
0 
” D“f (c) D”-“q(c) h”/v! . 
,r.l=k lul=~u<~ p 1 
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Using (3) we get 
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Inserting this term into (5) gives the expression Fk(x). 
THEOREM 1. For allpositioe integers k the inclusionf(X) s Fk(X) holds. 
Proof This assertion is an immediate consequence of Lemma 1 and (1). 
Remember that 2zi = w(X,) and z = (z, ,..., zm). 
Remark 1. For every k, the centered form of kth order is defined if and 
only if 
Idc)/- + 
I .lG I 
1 D-lq(c)J z.‘/l! > 0. 
This depends on the fact that 0 6? a + [-tl, v] is equivalent to ]a] > ~1 if 
a, c E R, c > 0. 
Remark 2. If the centered form of kth order is defined then its width is 
given by 
The previous formula follows immediately from the additivity of the width 
and the formula 
” i 
l-u, u] 
a - [-0, v] i =& 
for u,v>O and Ial > ~1. 
Remark 3. The centered form can be improved by replacing the 
occurring powers H’ by {h.‘: h E H} in the definition of Fk(X). This leads to 
a modified centered form, which shall be denoted by Sk(X). Clearly, 
Remarks 1 and 2 do not remain valid in this case. 
548 RATSCHEKAND SCHRijDER 
Remark 4. For the validity of Lemma 1 and Theorem 1 it is not 
necessary that c be the center of X, and the definition of the centered form 
could be generalized. Remarks 1 and 2 are not valid in this case. 
Remark 5. At the present ime a genera1 criterion does not seem to exist 
for expressions f(x) in which the centered form of kth order, F&Y), is a 
better inclusion for f(X) than the interval extension f(X). Some results, 
however, are known when the interval extension f(X) gives the exact range, 
f(X). and is th ere ore f in each case equal to or better than F&Y). This is the 
case. for instance, if in the rational expressionf(x) each variable occurs only 
once and to the first power only; cf. Moore [4]. More generally, if some of 
the variables X, ,..., X, occur only once in the expression f(x), then these 
variables need not be taken into account when the centered form is 
constructed: cf. Skelboe [lo] and Moore 151. 
Remark 6. The complexity of the numerical computation of F&Y) is 
smaller than it seems to be, because the constituent parts of the formula for 
Fk(X) are the Taylor coefficients off and 4 at the point c. Therefore we can 
rely on Moore’s technique entirely for the recursive computation of Taylor 
coefficients without writing down or programming them explicitly; cf. [3,4]. 
Because of our use of multiindices the recursion formulas for functions in 
several variables are nearly the same as the formulas described in [4, p. 26). 
Explicit numerical data for the complexity of the computation of Taylor 
coefftcients can easily be derived from the concept given in [4, pp. 24,401. 
3. COMPARISON OF THE CENTERED FORMS 
OF (k -1)th AND kth ORDER 
It is shown that the centered form of kth order is better than that of 
(k - 1)th order. We use the same notation for the rational function f =p/q, 
the parallelepiped X, etc., as in Section 2. 
LEMMA 2. Let k > 2 be a natural number. Then w[F&Y)] < w[Fkm ,(X)] 
if the centered forms are defined. 
Proof. Let K be the sum C;.t, = I (D*q(c)] z.‘/l!. Because Iq(c)l > K 
by Remark 1, it suffices to show that d = (w[Fk-,(X)1 - 
w[F,(X)])((q(c)l - K)/2 > 0. For convenience, we define tik- ” = 0 if 
JAJ=k+n- 1. Now, 
k+n-1 
-I- ,.,,gk-, I4-“I z-w + -$, clt.ikY - lt.Y’l)zW. 
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Because of K C,,,,=k-, lD’J(c)] z~‘/A! > C:Jt;’ 1 t!t-” - t:“’ Iz~‘/A! and the 
triangle inequality the following inequality holds: 
k+n-I k+n-I 
d > c It,;k-” - ty1 z”/A! + 
l.il=k 
THEOREM 2. Let k > 2 be a natural number. Then 
f(x) c Fk(X) E F, - I(X). 
Proof The assertion is a direct consequence of Theorem 1 and Lemma 2 
because f(c) is the midpoint of the intervals F,(X) and F,- ,(X). 
Remark 7. The proof of Lemma 2 shows that in general the inequality 
w[Fk(X)] < w[Fk- ,(X)] is proper. Thus the improvement gained by the 
centered form of higher order is significant. There is one exception: Iffis a 
polynomial then f =p and t, ‘k) = D’p(c) if II / > k; therefore 
F, (4 = F,(x) for all k. 
EXAMPLE 1. Some numerical values are given. Let f(x, , x,) = 
I/(x~+x,+x~+x,+l), X=[-0.1, O.l]x[-0.1, 0.11, and Y=[-0.01. 
0.011 x [-0.01, 0.011. Then we get the following values: 
r@(X)] = 3.9983 90884 E - 1, w[f( Y)] = 3.9999 9984 1 E - 2, 
W lFk(x) 1 w[‘kJlk(y)I 
-__ 
5.2500 00000 E - 1 4.102040816 E - 2 
4.6000 00000 E - 1 4.0416 32653 E - 2 
4.5 100 00000 E - 1 4.0408 24489 E - 2 
4.4960 00000 E - 1 4.0408 12326 E - 2 
4.4942 50000 E - 1 4.0408 12165 E - 2 
4.4939 95000 E - 1 4.0408 12163 E - 2 
Remark 8. It can be seen from Example 1 that there is little to be gained 
by going to k > 1 for small w(X), where w(X) = max(w(X,): i= l,..., m}. 
This phenomenon is not an exception but is connected with the fact that for 
every k, the quotient w[Fk(X)]/w[F,(X)] converges to 1 if X converges to c, 
when for all of these intervals X it is assumed that F,(X) exists, c is the 
center of X, and w[F,(X)] # 0. This property can easily be proved by writing 
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down the quotient of the two widths, inserting the formulas for the widths, 
multiplying the numerator and the denominator with 
and canceling as far as possible. Thus an expression of the form 
is obtained, where uIr t’,t E R and r is an integer with 1 < r < n, such that 
there exists a multiindex 1, with I& = r and D’of(c) # 0. The existence of ,I, 
results from the assumption u7[F,(X)] # 0, and Remark 1 guarantees that 
q(c) # 0. Now, X + c means z -+ o, and the limiting process can be carried 
out in the usual way. 
Remark 9. In general, lim k+icF’L(X) =7(X) does not hold. In order to 
show this. we define ak = 2 CT,; L, I D’f(c)l z-l/d!. By Remark 2, 
ak < ~v[FJX)], and since the sequence (ak)r=, is increasing and the sequence 
04FkV)l)E, is decreasing. ak < lim,+, M~[F~(X)] holds for all k. The 
following example now shows that there exist functions f such that 
r~[f(X)] < ak for some k, which affirms the assertion. 
EXAMPLE 2. For the function f(x,, x,) = l/(x; + XJ and the rectangle 
X= (2,4] x [O, 21 the width of the exact range is nl[f(X)] = 0.19444. We 
obtain the following numerical results for ak and LV[F~(X)]: 
k 
1 0.5 0.0 
2 0.356 0.14 
3 0.343 0.191 
4 0.29123 0.23 16 
(All computed results are exact; 3 resp. 6 indicates a periodic decimal.) The 
inequality a4 > rv[f(X)] holds, such that pk(X) resp. Fk(X) does not 
converge to /(X); cf. Remark 9. 
Remark 10. It is known that Fk(X) converges quadratically to?(X) for 
fixed k if TV -+ 0; cf. [ 1, 21. It is shown by an example in [9] that the 
previous assertion does not depend on the order k; in particular, cubic 
convergence is not obtained for higher values of k. 
Remark 11. A recursive computation of the centered forms of higher 
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order is possible: In order to proceed from Fkp,(X) to F&Y), we write down 
Fk- ,(W as 
k+n-2 tCk-l)~l/~! 
F,_,(X)=S+ T+~l.~l=ku.I , 
where 
k-2 
U= \“- D.‘q(c) H-‘/l!. 
/ .lT 0 
The values S. T, U, I!:-“, and H-‘/L! are to be recorded. By definition of 
b(X), 
and 
such that the computational effort is relatively small. The new occurring 
values Dpf(c) for IpI = k - 1 are also computable recursively: cf. Remark 6. 
It is known that another method exists for improving a centered form 
F,(X), that is, the method of subdivision (cf. [4, p. 35]), where X is divided 
into parts, for example, X = (Jr I Xi, with w(X,) = w(x)/s for some integer 
s > 1. It is known that lim,_, Us”, F,(Xi) ‘j(X); cf. [3]. Naturally, we can 
ask whether we should choose a higher order k or subdivide, in order to 
improve a given centered form F,(x). Now, a legitimate comparison of these 
two methods cannot be given because the method of subdivision produces 
convergence to the exact range, which is not the case when forms of higher 
order are used. The only thing we can do is to balance some facts against 
each other: 
The centered form of higher order can be computed recursively and there 
is only one point of development, that is, the midpoint c. By contrast, the 
method of subdivision generates new intervals Xi at each step. Therefore 
totally new centered forms F,(Xi) via totally new values D~‘f(cJ are to be 
computed, where ci is the midpoint of Xi. Although it is not necessary to 
409j%2;2- I7 
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compute all of the values F,(X,) (cf. [4, p. 49; lo]), the method of 
subdivision will probably be the more complex one. But a definite answer is 
outstanding because at this time no precise statements seem to be known by 
which the least order k of the centered form or the least number sm of subin- 
tervals can be chosen to attain some prescribed accuracy. Further we know 
that we get a better inclusion if we proceed from Fk- ,(X) to F&Y) (using 
exact arithmetic). But we do not know if there exists a proof that a better 
inclusion is gained if we proceed from one subdivision to a finer one. (At this 
time, an improvement is guaranteed only via the limit.) 
Therefore we can sum up that the centered form of order 1 to 8 can be 
recommended if an informative and useful inclusion of the range is needed. 
But if an inclusion of some prescribed accuracy is to be achieved, then the 
method of subdivision is unavoidable. 
REFERENCES 
I. E. HANSEN. The centered form, in “Topics in Interval Analysis” (E. Hansen, Ed.), 
pp. 102-106. University Press, Oxford. 1969. 
2. W. MILLER, Quadratic convergence in interval arithmetic, II, BIT 12 (1972), 291-298. 
3. R. E. MOORE, “Interval Analysis,” Prentice-Hall, Englewood Cliffs, N.J., 1966. 
4. R. E. MOORE, “Methods and Applications of Interval Analysis,” SIAM, Philadelphia, 
1979. 
5. R. E. MOORE. On computing the range of a rational function of n variables over a 
bounded region, Compufing 16 (1976), l-15. 
6. K. NICKEL, Die fiberschtitzung des Wertebereiches einer Funktion in der Inter- 
vallrechnung mit Anwendungen auf lineare Gleichungssysteme, Compuling 18 (1977), 
15-36. 
7. J. M. ORTEGA AND W. C. RHELNBOLDT. “Iterative Solution of Nonlinear Equations in 
Several Variables,” Academic Press, New York, 1970. 
8. H. RATSCHEK, Zentrische Formen, Z. Angew. Math. Me& 58 (1978), T434-T436. 
9. H. RATSCHEK, Centered forms, SIAM J. Numer. And., in press. 
10. S. SKELBOE, Computation of rational interval functions, BIT 14 (1974), 87-95. 
